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Definitions

» For a graph G = (V(G), E(G)), the first and the second
Zagreb indices are defined as M1(G) = Y. (d(v))? and
veV(G)
My(G) = > d(u)d(v) respectively, where d(v) denotes
uveE(G)
the degree of the vertex v in G.
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Bridge Graph B;

Let {G;}X_; be a set of finite pairwise disjoint graphs with distinct
vertices uj, v; € V(Gj) such that u; and v; are not adjacent in G;.
The bridge graph

Bl = Bl(G]_, GQ, ceey Gk; uy, vi, U2, Vo, U3, V3, ..., U, Vk) of {G"}le
with respect to the vertices {u;, v,-}ff:1 is the graph obtained from
the graphs Gi, Go, ..., Gx by connecting the vertices v; and uj;1 by
an edge for all i = 1,2, ..., k — 1 as shown in the following Figure.
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Figure: The bridge graph By = B1(Gi, Ga, ..., Gg; u1, vi, U, Vo, ..., Uk, Vi)



Bridge Graph B,

Let {G;}X_, be a set of finite pairwise disjoint graphs with vertices
vi € V(G;j). The bridge graph

B, = B2(Gl, Go, ..., Gk, v, vo, v3, ..., Vk) of {Gi}f(:l with respect to
the vertices {v,-},’-‘:1 is the graph obtained from the graphs

Gi, Gy, ..., G by connecting the vertices v; and v;y1 by an edge for
all i=1,2,...,k — 1 as shown in the following Figure.
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Figure: By = By(Gy, Gy, ..., Gk; vi, Vo, V3, ..., Vk)



Modified Zagreb Indices of Bridge Graph B;

Theorem

The first modified Zagreb index of the bridge graph By, k > 2 is
given by

"My(B) = ("M { > T u, ) +1
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d(vi)?(d(vi) +2)?




Proof.

Using the definition of first modified Zagreb index, we have
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Corollary
If Gi=G foralli=1,2,....k and u,v € V(G), then

2d(u) +1 2d(v) +1
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+4(k_2){d(u)2(d(U)+2)2 d(v)2(d(v)+2)2} }

"My (By1) = k" My (G) — {




Theorem

The second modified Zagreb index of the bridge graph By, k > 2 is
given by
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Proof.

By the definition of second modified Zagreb index, "My(B,) is

1 .
equal to the sum of ——————, where the summation is taken

dp, (x)dp,(y)
over all edges xy € E(B,). From the definition of the bridge graph

By, E(Bl) = E(Gl)UE(GQ)U...UE(Gk)U{Viu;+1; 1<i<k-— 1}.
In order to compute ™ M,(Bi), we partition our sum into four sums
as follows.

The first sum S; is taken over all edges xy € E(Gy).

1
=MD = D G Eta) + D)

weN(v1)

The second sum S, is taken over all edges xy € E(Gy).

o 1
5o =" Ma(Gy) — Z d(u)(d(ux) + 1)d(w)

weN(ug)




The third sum S3 is taken over all edges xy € E(G;) for all
i=23,.. k-1

The last sum S, is taken over all edges vjujy for all
i=1,2,...,k—1.

S4= 2 @)+ Ddam D

Now ™M,(By) is obtained by adding S1, Sz, S3, Sa.



Corollary
If Gi= G foralli =1,2,....k and u,v € V(G), then
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Modified Zagreb Indices of Bridge Graph B,

Theorem
The first modified Zagreb index of the bridge graph By, k > 2 is
given by
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Using the definition of first modified Zagreb index, we get the
result.

Corollary
If Gi= G foralli=1,2,....k and u,v € V(G), then
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Theorem

The second modified Zagreb index of the bridge graph By, k > 2 is
given by
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Proof.
By the definition of second modified Zagreb index, "My(B,) is

equal to the sum of ———————, where the summation is taken
dp, (x)dp,(y)
over all edges xy € E(B,). From the definition of the bridge graph
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In order to compute ™ M,(Bz), we partition our sum into four sums
as follows.

The first sum S; is taken over all edges xy € E(Gy).
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The second sum S, is taken over all edges xy € E(Gy).
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The third sum Sz is taken over all edges xy € E(G;) for all
i=2.3, .. k—1.

k—1 k—1 5
S3 = 2( Ma(Gj)) — ; { we%v-) d(vi)(d(vi) + 2)d(W)}

The last sum S, is taken over all edges v;u;j for all
i=1,2,..., k—1.
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Now ™M,(B,) is obtained by adding S1, Sz, S3, Sa.



Corollary
If Gi=G foralli=1,2,....k and u,v € V(G), then
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Polyphenyl Chains O, M, and L,

Two vertices u and v of a hexagon H are said to be in
ortho-position if they are adjacent in H. If two vertices u and v are
at distance two, they are said to be in meta-position and if two
vertices u and v are at distance three, they are said to be in
para-position. Examples of vertices in the above three types of
positions are shown in figure 3.

\

Figure: Ortho-, meta- and para-positions of vertices in hexagon



An internal hexagon H in a polyphenyl chain is said to be an
ortho-hexagon, mete-hexagon and para-hexagon, respectively if
two vertices of H incident with two edges which connect other two
hexagons are in ortho-, meta- and para-position. A polyphenyl
chain of h hexagons is ortho — PPCj, denoted by Oy, if all its
internal hexagons are ortho-hexagons. Similarly we define

meta — PPC}, (denoted by M) and para — PPCy, (denoted by Lp),

(see figure 4).
JOHONOINCNO

Figure: Ortho-, para- and meta-polyphenyl chanins with h hexagons




The polyphenyl chains My and Lj can be viewed as the bridge
graphs Bi(GCs, Go, ..., Co; u, v, u, v, ...,u, v) (h times) where Cs is
the cycle on six vertices and u and v are the vertices shown in
figure 3. Since "My (Cs) =" M>(Cs) = 3/2, using corollaries 1 and
2 we obtain

m m 69h + 22
My (Mp) =" M1(Lp) = T
- - 23h + 4

Ma(Mp) =™ Ma(Lp) = 18

The polyphenyl chains Oy can be viewed as the bridge graph
Bx(Ge, Ce, ..., Co; v, v, ..., v)(h times). Using corollaries 3 and 4,

189h + 14
li(Oh) — T
75h — 2

"Ma(Op) =

48
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